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ABSTRACT: When a weakly bending rod consisting of discrete subunits is partially oriented in a weak 
electric field by an independent induced dipole mechanism, the off-field decay of its dichroism or 
birefringence reflects the same mutual-rotational correlation function that is manifested in its forward 
depolarized dynamic light scattering. An analytical theory of that mutual-rotational correlation function 
is developed by extending a previous theory for self-rotational correlation functions of subunits in 
macromolecules with mean local cylindrical symmetry, and the result is formulated in terms of a previous 
normal mode theory for discrete weakly bending rods. Results from this analytical theory are compared 
with those of Brownian dynamics simulations with generally good agreement. By dissecting the analytical 
theory, explanations are found both for the unexpectedly small fraction of total relaxing amplitude that 
appears in the rapid initial transient due to  bending and for the absence of the relaxation time of the 
longest bending mode from that initial relaxation. 

Introduction 
The flexural dynamics of weakly bending rodlike 

macromolecules are in principle accessible by a variety 
of optical methods that are sensitive to rotations of their 
constituent subunits. Subunit self-rotational correlation 
functions are measured by time-resolved emission or 
absorption polarization anisotropy under conditions 
where the signal on any given shot arises from at  most 
one chromophore per r0d.l Subunit mutual-rotational 
correlation functions are manifested in the off-field 
decays of transient electric dichroism and birefringence 
experiments, and in the zero-angle depolarized dynamic 
light scattering, as detailed below. The particular kind 
of mutual-rotational correlation function monitored in 
the electro-optic experiments actually depends on the 
orientation mechanism and strength of the applied 
electric field.233 In any case, for a weakly bending rod, 
both the self- and mutual-rotational correlation func- 
tions exhibit a rapid initial decay associated with 
bending motions in addition to a larger amplitude of the 
main decay associated with the end-over-end tumbling 
motion of the rods, more precisely of an equilibrium 
ensemble of bent rods. It is the fast initial transient in 
these correlation functions that provides information 
regarding the dynamics of bending, whereas the main 
relaxation provides information about the extent of 
bending at equilibrium, or equivalently about the equi- 
librium persistence length, provided the contour length 
is known. 

The bending dynamics in principle provide informa- 
tion that is not available from the equilibrium persis- 
tence length. For example, the bending rigidity itself 
might be a relaxing property, in which case the dynamic 
bending rigidity that governs flexural motions on a 
sufficiently short time scale would exceed that mani- 
fested in the equilibrium bending. Indeed, there are 
some indications that the dynamic bending rigidity of 
DNA on a time scale less than 10 ps may be 2-4-fold 
greater than the value inferred from the equilibrium 
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persistence length,*+ although that issue is not yet 
completely resolved. It is also possible that internal 
friction, in addition to solvent friction, may retard the 
bending motions, in which case the apparent dynamic 
bending rigidity derived from experimental data would 
lie below the actual value, and possibly even below that 
inferred from the equilibrium persistence length. In- 
vestigations of the flexural dynamics of various rodlike 
and filamentous species are expected to  become more 
numerous in the future, as bending problems attract 
increased attention. 

Brownian dynamics simulations of discrete wormlike 
chains have proven quite useful in the interpretation 
of various experimental data.2-4p7-9 Nevertheless, ana- 
lytical theories (within their domains of validity) offer 
some advantages by providing model functions for 
iterative data fitting, and by providing a conceptual 
framework to deepen the level of analysis and under- 
standing of the results. A normal mode theory for the 
Brownian dynamics of weakly bending rods was previ- 
ously formulated' and incorporated into existing theorylO 
for the self-rotational correlation functions that are 
probed by time-resolved optical anisotropy experiments. 
Detailed comparisons with corresponding Brownian 
dynamics simulations' established the domain of valid- 
ity of that normal mode theory as LIPd I 0.6, where L 
is the contour length and P is the persistence length 
corresponding to the dynamic bending rigidity, hence- 
forth referred to  as the dynamic persistence length. 

The primary objective of the present work is to  
develop a corresponding analytical theory for subunit 
mutual-rotational correlation functions that applies to 
filaments with mean local cylindrical symmetry. Into 
that theory we shall incorporate certain results from the 
previous normal mode theory for weakly bending rods 
in order to  evaluate the new correlation functions. 
Numerical results from this new analytical theory are 
then compared in detail with the corresponding results 
from Brownian dynamics simulations. 
An approximate analytical theory has also been 

developed for treating the bending dynamics of consid- 
erably longer wormlike chains with LIPd ratios up to 
2.0 or By incorporating certain results from 
recent versions of that theory21,22 into the present 
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formulation for the mutual correlation function, it 
should be possible to achieve useful analytical results 
that span the range of flexibility from rigid rods up to  
wormlike coils with as many as two to four persistence 
lengths. However, such a project lies beyond the scope 
of the present work. 

There are two puzzling aspects to both previous3 and 
present results for the relevant mutual correlation 
functions. First, the fraction of the total relaxation due 
to the bending motions (i.e. the fraction of rapid initial 
transient) is much smaller in the case of mutual 
correlation functions than in the case of the correspond- 
ing self-correlation functions. Secondly, the relative 
contribution of the longest (1 = 3) bending normal mode, 
specifically of the term with the 1/z3 relaxation rate, to 
the rapid initial transient is greatly reduced in the case 
of the mutual correlation functions, so that it no longer 
dominates the fast initial decay, and indeed practically 
cannot be detected. A secondary objective of the present 
work is to understand these puzzling features of the 
mutual correlation functions in terms of the analytical 
theory presented below. 

As detailed subsequently, the correlation functions 
analyzed herein are associated with particular orienta- 
tion mechanisms that do not apply in the case of DNA, 
so the present results do not pertain directly to electric 
dichroism and birefringence experiments on DNA but 
do pertain to depolarized dynamic light scattering 
experiments on DNA. However, we are aware of no 
depolarized dynamic light scattering data on DNAs with 
fewer than 250 base pairs, which might qualify as 
weakly bending rods. 

Theory 
Basic Formulas for Linear Dichroism and Bire- 

fringence and Forward Depolarized Dynamic Light 
Scattering. The macromolecule is regarded as a linear 
array of N + 1 identical rigid subunits, each of which is 
connected to its neighbors by identical Hookean twisting 
and bending springs. These subunits are labeled by the 
index j (j = 1,2 ,  ..., N + 1). Embedded in each subunit 
is a body-fixed coordinate frame (x],  yJ,  zJ) chosen such 
that the zJ-axis lies along the bond vector (hj) from the 
j t h  to  (j + 11th subunit. The laboratory frame (XI,, y ~ ,  
ZL) is chosen so that in the case of an electric dichroism 
or birefringence experiment ZL lies along the dc orienting 
field and in the case of a depolarized dynamic light 
scattering experiment ZL lies along the direction of 
polarization of the incident light. Associated with each 
bond vector is a low-frequency electric polarizability 
tensor, which is assumed to be axially symmetric about 
the bond vector with anisotropy, Ax = XII - XI, where XII 
and xl denote components parallel and perpendicular, 
respectively, to  the bond vector. The local Ax3 value 
associated with the bond vector hJ from thejth to  (j + 
1)th subunit is assumed to be independent of the chain 
conformation. A% may represent an azimuthal, or 
cylindrical, average over the chemical groups constitut- 
ing the j th  subunit. Also associated with each bond 
vector are a dichroism tensor and an excess optical 
polarizability tensor, which are likewise assumed to be 
axially symmetric about the bond vector and indepen- 
dent of chain configuration. The anisotropy of the 
dichroism tensor is Aa = UII - a l ,  and that of the excess 
optical polarizability tensor is A a  = cq - al, where all 
and a l  denote the molar absorbances, and ql and al the 
excess optical polarizabilities, for light with polarization 
parallel or perpendicular, respectively, to  the bond 

vector. For convenience the symbols introduced above, 
as well as those defined subsequently, are listed in a 
Symbol Glossary in the Appendix. 

The orientation of the macromolecule is assumed to 
occur via a simple independent induced-dipole mecha- 
nism,2 in which each subunit interacts independently 
with the external dc electric field, but not with those 
fields arising from the induced dipoles of the neighbor- 
ing subunits. Also each subunit is assumed to interact 
only with the incident light field, but not with the 
secondary scattered fields arising from other subunits. 
In addition, the incident light is assumed to  exert a 
completely negligible effect on the orientation of any 
macromolecule or subunit thereof. 

When the external dc electric field is sufficiently 
weak, the lowest-order contribution to the equilibrium- 
induced dichroism or birefringence is proportional to E2, 
as shown previously.2 When the system is first equili- 
brated in a weak external orienting field, and that field 
is then abruptly turned off, the subsequent relaxation 
of the dichroism is given by 

( W t ) )  = A,L(t) - A,L(t> = cZ(u,l(t) - a,,(t>) (1) 

where ApL(t) is the absorbance of the sample for light 
with polanzation p~ (Le. p~ = ZL or XI,) in the laboratory 
frame, c is the molar concentration of macromolecules, 
1 is the sample path length, and (upL(t)) is the average 
molar absorbance of a single macromolecule for light 
with polarization p~ in the lab frame. The latter can 
be expressed in terms of the average dichroisms 
(a: ( t )  - a:L(t)) of the individual bond vectors (up to 
orher E2)  to yield2 

N 

where E is the magnitude of the weak dc orienting field 
the Yzo(S2) denote spherical harmonic functions, an( 
Q k ( t )  = (e&), &(t)) denotes the instantaneous soli( 
angle orientation of the kth bond vector in the laboratory 
frame. The angular brackets in the first line of eq 2 
denote an average over molecules in the nonequilibrium 
system at  time t after the orienting field is turned off, 
whereas those in the second line denote an average of 
the indicated correlation function over molecular tra- 
jectories of the equilibrium system (in the absence of 
the electric field). In arriving at eq 2, use is made of 
the relation 

(Vrn(QL(O)) Y,M(Q,(t)>) = 6,,,6,,,(Y,,(Q,(O)) Y,,(Q,(t))) 

(3) 
which holds for any two bond vectors in the same 
macromolecule in a fluid with an isotropic equilibrium 
state. 

The corresponding off-field decay of the birefringence 
after equilibration in the orienting field is given by 

(An(t)) = (n,,(t> - n,L(t>) = 

(2~~c/(1000n0)>(a,L(t)  - %L(t)) (4) 

where np,(t) is the refractive index for light with 
polarization ,MI, in the lab frame, (qL(t)) is the average 



6602 Heath et al. 

excess optical polarizability of a single macromolecule 
for light with polarization p ~ ,  in the lab frame, N A  is 
Avogadro’s number, and no is the refractive index of the 
solvent. The quantity (An(t)) is also given by an 
expression identical to eq 2 except that a,kl(t), a:L(t), 
and Aa are replaced by a: ( t ) ,  4 (t) ,  and Aa,  respec- 
tively, and l is replaced by .hd‘V~/(~000no) on the right- 
hand side. 

Clearly, both the dichroism and birefringence probe 
the same molecular correlation function, which pertains 
to molecular trajectories in the absence of any orienting 
field. Use of the addition theorem of spherical harmon- 
ics and eq 3 allows the correlation function to be written 
in an alternate form, 
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from its precursor by using eq 3. Equation 6 should be 
applicable to  forward depolarized dynamic light scat- 
tering from DNA. 

Clearly, the off-field decays of the linear electric 
dichroism and birefringence, subsequent to orientation 
by an independent induced-dipole mechanism, and the 
zero-angle depolarized dynamic light scattering all 
monitor the same molecular mutual-correlation func- 
tion, more precisely the double sum of subunit correla- 
tion functions in eqs 2 and 6.  

Basic Theory for the Correlation Functions. The 
sums of correlation functions in eqs 2 and 6 consist of 
self-correlation functions with i = k and cross-correlation 
functions with i t k. Under typical conditions, where 
at most a single fluorescent photon per macromolecule 
is detected over a period of many excited state lifetimes 
of the fluorophore, the fluorescence polarization anisot- 
ropy (FPA) probes just the subunit self-correlation 
functions. In a treatment hereinafter referred to as 
paper I,l0 it was shown for filaments with mean local 
cylindrical symmetry that each subunit self-correlation 
function could be expressed in terms of the mean- 
squared rotations,   AX,(^)^) and of that subunit 
around its body-fixed symmetry (zi) and transverse (x,) 
axes, respectively, in time tal1 When the transition 
dipole is rigidly fured in the ith subunit, one obtains 

N N  

N N  

where &(x)  is the Legendre polynomial with rank l = 
2, and Uk(t) = hk(t)/lhk(t)l is the unit vector along the 
instantaneous bond vector of the kth subunit. The 
right-hand side of eq 5 can be evaluated directly from 
the succession of configurations along a Brownian 
dynamics t r a j e c t ~ r y , ~ - ~  as illustrated below. 

The simple correlation function in eq 2, and the 
corresponding expression for the birefringence, applies 
to the off-field decay after equilibration in a weak 
electric field by a simple independent induced-dipole 
orientation mechanism. It does not apply in the case 
of a permanent dipole orientation mechanism (unpub- 
lished results) or a correlated induced dipole mecha- 
nism, but does apply to the case of a saturated induced- 
dipole orientation me~hanism.~ It appears that none 
of these mechanisms, nor indeed any orientation mech- 
anism that is linear in E2, is capable of accounting for 
the observed strong, nearly proportional, dependence of 
the relative amplitude of the fast initial transient on E 
in the case of DNA. However, Brownian dynamics 
simulations suggest that, when monopolar forces and 
molecular translation are included and an orientation 
mechansim more typical of ion-atmosphere polarization 
is invoked, DNAs initially perpendicular to the field are 
induced to form hairpin structures in which the longest 
“horseshoe” bending mode is enormously enhanced.12 
Although that could potentially account for the strong 
E dependence of the initial transient, such a topic lies 
outside the scope of the present work, in part because 
no succinct theoretical correlation function is available 
yet t o  describe the off-field dichroism decay subsequent 
to such an orientation process. Thus, the present 
results for off-field decays of the electric dichroism and 
birefringence are not expected to apply to DNA. 

A general expression for the autocorrelation function 
of the depolarized scattered electric field was given 
previ0us1y.l~ In the case of zero-angle depolarized 
scattering from solutions with an isotropic equilibrium 
state, this expression reduces to 

N N  

i = l k = l  

where (nv) is the average number of macromolecules in 
the scattering volume. Equation 6 was also obtained 

wherein (AXi(tI2) and pertain to the ith subunit, 
l o  = [(1/2)(3 cos2 E - 1)12, I1 = 3 cos2 c sin2 E ,  and I2 = 
(3/4)sin4 E ,  and E is the polar angle between the transi- 
tion dipole in the subunit and the local (symmetry) 
z-axis. When the transition dipole lies along the local 
symmetry axis, as will be assumed here, one has E = 0 
and 

For a filament with mean local cylindrical symmetry, 
the mean-squared angular displacement of the ith bond 
vector around the subunit-fixed xi-axis is independent 
of the torsional rigidity and therefore identical to that 
for the same subunit in a corresponding nontwisting 
filament, since the mean-squared angular displace- 
ments around either the xi- or yi-axis are identical in 
any given time interval. Following a previous treatment 
of weakly bending nontwisting rods,l hereinafter re- 
ferred to as paper 11, the displacement of the ith subunit 
around the xi-axis in time t is given by A&) = e(t) - 
O(0) + qL(t)  - qi(O),  where O ( t )  - O(0) denotes the 
contribution due to uniform rotation of the end-to-end 
vector around the rod-fured x-axis and ri(t) is the angle 
between the projection of the ith bond vector (hi) onto 
the rod-fured xz-plane and the rod-fixed z-axis, which 
is taken parallel to  the end-to-end vector. 

The development in paper 110 can be generalized to 
treat subunit cross-correlation functions by focusing not 
on the rotational motions of individual subunits but 
instead on the rotational motions of a hypothetical 
coordinate frame (denoted by superscript H), which is 
coincident with the frame of the ith subunit at t = 0. 
This hypothetical frame is then imagined to follow a 
continuous path in both its spatial and angular coordi- 
nates as it is very rapidly (practically instantaneously) 
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translated along the chain from the ith to the kth 
subunit from time t = 0 to t’, being successively 
coincident with the coordinate frame of each intermedi- 
ate subunit as it passes by. The rotational dynamics of 
such hypothetical coordinate frames, as they translate 
rapidly along the effectively stationary but instanta- 
neously deformed filaments, is a Gaussian random 
process that is statistically equivalent to any normal 
Brownian motion, although it takes place in an arbi- 
trarily small time t’. Upon arrival a t  and coincidence 
with the frame of the kth subunit, the hypothetical 
frame simply follows the subsequent natural Brownian 
trajectory of that kth subunit from time t’ to t. The total 
angular displacement of this hypothetical frame around 
its body-fixed x-axis in time t > t’ is given by 

AEik(t) = Axk(t’) - AJO) + Axk(t) - Axk(t’) 
= Axk(t) - Ax,i(0) (9) 

wherein the time t’ for translation of the hypothetical 
frame from the ith to the kth subunit is understood to 
be so small that Ax&’) = AXk(O). The quantity 
has several essential properties that are formally iden- 
tical to that, A&), of a single subunit, namely (1) it is 
a continuous single-valued function of the time, (2) its 
mean value over any interval d t  in the interval 0 to  t 
vanishes, (3) it is uncorrelated with the concurrent 
rotations, A:#) and AFik(t), of that same hypothetical 
frame around its other body-fixed axes over any interval 
6t in the interval 0 to t ,  and its variance is a 
continuous monotonically increasing function of the 
time. As in the previous development,1° these proper- 
ties suffice to derive the conditional probability per unit 
Euler angle (G(@Z(t) t l @ Z ( O )  0)) that such a hypotheti- 
cal frame with initial laboratory Euler orientation 
@Z(O),  which is coincident with the frame of the ith 
subunit a t  t = 0, has evolved in time t to the laboratory 
Euler orientation @:(t), which is coincident with the 
frame of the kth subunit at time t .  For a system with 
an isotropic equilibrium state, the result is 

l m n  

In eq 10, the rotation functions, Ilkn(@) = Dk,(o$y) = 
exp[inal dl .(/3) exp[imyl, are taken in the convention 
of Wignerl3 and Edmonds.15 By using the averaging 
protocols employed previous1y,l0J1 we obtain 

(DbN(@:(o)> Df n(@:(tN) = d,,dm,dn,(21 + 1)-l x 
exp[-(Z(Z + 1) - m2)(A~ik(t)2)/21 x 

2 H  exp[-m (Az.ik(t)2Y21 (11) 

Let W R  = ( E ,  0) denote the orientation of a vector fixed 
in the hypothetical frame and W L  = (e@),  dt)) its 
instantaneous orientation in the lab frame. Then, 

1 

Y1JWL(t)) = c D;J@;(t)) Yln(OR> (12) 
n=-l 

Upon making use of eq 11, one obtains 

4n(Y2m(W~(0)) T m ( W ~ ( t ) ) )  = 
2 

2 H  1, exp[-(6 - n2XAEjk(t)2)/21 exp[-n (Az,ik<t)2)/21 

(13) 

where the I n  are given after eq 7. We now take the 
vector under consideration to be the z-axis of the 
hypothetical frame, in which case its lab orientation at  
t = 0 is w ~ ( 0 )  = Qi(0) and its lab orientation at time t > 
t’ is W L ( ~ )  = Q k ( t ) .  In addition, E = 0, so IO = 1.0, and I1 
= 0 = I z .  Now the desired cross-correlation function 
becomes 

n=O 

Thus, the pertinent correlation function is now ex- 
pressed in terms of the mean-squared angular displace- 
ment of the hypothetical frame around its body-fixed 
x-axis. The limit t’ - 0 is assumed to apply in eq 14, so 
the hypothetical frame is coincident with that of the kth 
subunit for all t > 0. 

The evaluation of (AfiikW2) is performed using the 
normal mode theory for a weakly bending nontwisting 
rod that was presented in paper 1I.l As remarked 
earlier, for a filament with mean local cylindrical 
symmetry, the mean-squared angular displacements of 
the subunits i and k around their body-fixed xi-  and xk- 
axes, respectively, are identical to those for the corre- 
sponding subunits in a filament that undergoes no 
twisting whatsoever. Hence, the net angular displace- 
ment of the hypothetical frame around its body-fixed 
x-axis is given by 

A:&) = e(t) - e(o) + vk(t)  - vi(o) (15) 

where O ( t )  - O(0) is the contribution due to uniform 
rotation of the end-to-end vector around the rod-fixed 
x-axis, and is the angle between the projection of 
the kth bond vector (hk) onto the rod-fixed xz-plane and 
the rod-fxed z-axis, which is taken parallel to the end- 
to-end vector. Making use of eqs 3 and 25 of paper I1 
to express v k ( t )  and vi(0) in terms of the amplitudes 
(&)I of the normal modes (right eigenvectors) of the 
dynamical operator, one obtains 

CQi+l,l - Qil)~l(o) l  (16) 

wherein the Q k l  are elements of the normal coordinate 
transformation matrix that diagonalizes the dynamical 
operator, and can be determined according to  eq 79 of 
paper 11, and h is the constant bond length. Making 
further use of eqs 59 and 85 from paper I1 and the 
statistical independence of the normal modes yields, 
finally 

N 

= 2 D R t  + (h /p)c[(Qk+l,l - Qk112 + 
1=3 

(Qi+l,l - QiJ2 - 2(Qk+l,l - Qkl)(Qi+l,l - Qi~)e-“‘l (17) 

wherein P = Khh/kBT is the dynamic persistence length, 
kBT is thermal energy, Kh is the dynamic bending 
constant, q = fh3/(k~TPAl) is the relaxation time of the 
lth bending normal mode, f = 6qh12 is the subunit 
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friction factor, and 111 is the particular eigenvalue of the 
dynamical matrix. 

The normalized dichroism decay, (AA(t))/(AA(O)), is 
computed by inserting eq 17 into eq 14, which is in turn 
substituted in eq 2,  and then dividing by (AA(0)). The 
birefringence decay and field autocorrelation function 
of the forward depolarized dynamic light scattering are 
similarly computed using, respectively, the birefringence 
analogue of eq 2 or 6 .  

Brownian Dynamics Simulations. Brownian dy- 
namics simulations of discrete wormlike chains with 
preaveraged hydrodynamic interactions are carried out 
using the model potential and procedures described 
previo~s ly . l -~ ,~-~  Self-correlation functions from such 
simulations were previously compared to those derived 
from the normal mode theory in paper II,l and excellent 
agreement was obtained within the domain of validity 
of the normal mode theory, namely L s (0.6)P, where L 
is the contour length and P the dynamic persistence 
length. The normalized dichroism decay, (AA(t))/ 
(AA(O)), is calculated via eqs 5 and 2 directly from the 
simulated trajectories under the assumption that the 
time series is stationary, in which case the ensemble 
average can be replaced by an average over initial times 
with the same time delay ( t )  between ui(z) and U ~ Z  + 
t ) .  A more detailed description of the protocol is 
provided el~ewhere.~ 

Model Parameters. Essential parameters in the 
model are the bead diameter h = 31.8 A, dynamic 
persistence length P = 2000 A, temperature T = 293 
K, solvent viscosity r = 0.01 P, and translational friction 
factor per subunit f = 6nqhI2 = 3.00 x erg s. The 
normalized dichroism decay is both calculated and 
simulated for two different chains consisting of 27 
subunits (L = 859 A) and 39 subunits (L  = 1240 A). 
Each of these falls within the domain of validity of the 
normal mode theory (L 5 (0.6)P).  The model used in 
the Brownian dynamics simulation also experiences a 
Hookean bond-stretching potential with a fairly stiff 
force constant, g = 40 dyne cm-l. The uniform rota- 
tional diffusion coefficient (DR) used in the normal mode 
theory is calculated from the average best-fit longest 
relaxation time (ZR) in the Brownian dynamics simula- 
tions according to DR = 1/(6z~). This value differs 
slightly from the DR calculated according to the normal 
mode theory. The difference presumably arises from the 
slightly different end-to-end lengths of the rods in the 
Brownian dynamics simulations, which exhibit vari- 
ously bent and slightly stretched or compressed con- 
figurations. 

Results and Discussion 
The calculated and simulated normalized dichroism 

decays, (AA(t))/(AA(O)), are compared for the 27 and 39 
subunit chains in Figures 1 and 2, respectively. In each 
case, the calculated curves agree with the simulated 
data within the statistical errors in the latter. Double 
exponential expressions of the form, 

(M( t ) ) / (AA(O) )  = af exp[-t/tf1 + aR exp [-t/ZR] (18) 

were fitted to both the calculated and simulated curves 
subject to  the constraint, af + U R  = 1.0. The best-fit 
relaxation times and amplitudes are indicated in Table 
1. The agreement between the simulated and calculated 
curves in regard to the amplitude, aR, and relaxation 
time, ZR, of the main relaxation is excellent, as expected. 
Agreement with respect to the amplitude, af, and 

" 
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Figure 1. Normalized off-field dichroism decays, (AA(t))l 
(AA(O)), versus time for the 27 subunit chains. The dashed 
curves represent the simulated data, and the solid curve 
represents the analytical theory. Essential parameters are h 
= 31.8 A, P = 2000 A, T = 293 K, and q = 0.01 P. 
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0 
0 2s 50 75 IO0 

Time (11s) 

Figure 2. Normalized off-field dichroism decays, (AA(t))l 
(AA(O)), versus time for the 39 subunit chains. The dashed 
curves represent the simulated data, and the solid curve 
represents the analytical theory. Essential parameters are h 
= 31.8 A, P = 2000 A, T = 293 K, and q = 0.01 P. 

Table 1. Best-Fit Amplitudes and Relaxation Times 
Obtained by Fitting Eq 18 to Either Normal Mode 

Theory (NMT) or Brownian Dynamics Simulations (BDS) 

NMT 27 2000 0.0346 267 0.965 8600 
NMT 39 2000 0.0641 1004 0.936 22900 
BDS 27 2000 0.03 (0.01) 210 (50) 0.97 (0.01) 8600 (200) 
BDS 2000 0.06 (0.01) 1100 (100) 0.94 (0.01) 22900 (700) 39 

relaxation time, sf, of the fast initial transient is 
satisfactorily within, or nearly within, the statistical 
errors of the simulations. At this double-exponential 
level of resolution, the analytical theory embodied in eqs 
14 and 17 evidently gives a satisfactory account of the 
correlation functions manifested in the zero-angle de- 
polarized dynamic light scattering and in the off-field 
decays of the dichroism or birefringence subsequent to 
equilibrium orientation in a weak electric field by a 
simple, independent, induced dipole mechanism. This 
conclusion achieves a primary objective of the present 
work. 

An advantage of the analytical formulation is that it 
allows in some cases a further dissection of the problem 
and additional insights into the origins of the fitted 
parameters. In this regard, it is pertinent to  inquire 
how the best-fit amplitude, af, of the fast initial transient 
compares with the theoretical fraction of the amplitude 
that is relaxed by the bending normal modes, which is 
given by 

For the chain with N + 1 = 27 subunits, one has af = 
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Table 2. Comparison of Best-Fit g with Relevant 
Relaxation Times in the Theory 

N tf (ns) TR (ns) r3 (ns) u (ns) 75 (ns) 
27 267 8600 664 96 28 
39 1004 22900 2543 363 103 

0.0346 from the fit in Table 1, while the exact value, ab 
= 0.0339, is calculated from eq 19. These amplitudes 
are nearly identical, as expected. For N + 1 = 39 
subunits one has af = 0.0641 and a b  = 0.0659, which 
are also virtually identical. The fast component in the 
double-exponential fitting program is evidently report- 
ing quite accurately the total amplitude of relaxation 
due to the bending normal modes. 

It is also relevant to compare the theoretical fractional 
amplitude, ab, of the rapid initial transient in the 
mutual-coorelation function with that in the corre- 
sponding self-coorelation function (averaged over all 
subunits), which is given by18 

bb = 1 - (z,)”~ exp[-~d31(n’”/2) erf(Zo1’2) (20) 

where 20 = 6L/4P, and L = (N + U(31.8 x cm) 
is the contour length. One obtains bb = 0.338 for N -t- 
1 = 27 subunits and b b  = 0.437 for 39 subunits. In 
either case, bb exceeds ab by about 7-fold or more. 
Hence, a great deal of cancelation must occur in the 
double sums of the cross-correlation functions. 

The connection between the best-fit relaxation time 
of the fast initial transient and the various bending 
normal mode relaxation times is also a matter of 
considerable interest. The relevant data are compared 
in Table 2. For both rods, tflies between the relaxation 
times of the longest and second longest bending normal 
modes, t 3  and t 4 ,  respectively. Interestingly, tf is very 
nearly the geometric mean of t 3  and t4.  It is somewhat 
surprising that zf is so much smaller than 23, because 
the 1 = 3 normal mode accounts for more than half of 
the total mean-squared angular displacement of those 
subunits near the chain ends, where the amplitude of 
motion is greatest. 

Both the small fractional amplitude of the initial 
transient in the mutual correlation function and the 
apparent loss of amplitude of the term with l/tg relax- 
ation rate relative to  other terms with 1/z4 and/or 2/23 
relaxation rates can be understood in the following way. 
That part of exp[ - 6(A~ik(t)2)/21 due to bending of the 
filament (i.e. originating from the second term in eq 17) 
is expanded to first order in the ratio of the bond length 
to the persistence length, h/P.  This expansion is 
performed for both (AA(t)) and (AA(0)). After some 
rearrangement one obtains 

e6DRt (AA(t))/(AA(O)) G 1 - (6h/P)xB,  (1 - e-“’) + 
N 

1=3 

N(h /PI2) (21) 

where 

B, = 
N N  

N N  N 

(22) 
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When the coefficients Bz in eq 21 are evaluated numeri- 
cally, those for the odd4 normal modes, including I = 3, 
are found to vanish within the limits of computer 
truncation errors. In fact, CE1(Qi+l,l - Qil) rigorously 
vanishes for any odd-1 mode by symmetry for the 
following reason. The elements Qil denote the relative 
displacements of the subunits i in the y-direction 
(perpendicular to the end-to-end vector 2) for the Zth 
normal mode. For the odd4 modes, the Qil are sym- 
metric about the center of the filament, so Qil = 
Q i v + ~ - ( i - ~ , i  = QN-~+z,L.  The difference, Q i + l , l -  Qii, which 
is proportional to the angle between the bond vector 
from the ith to the (i + 11th subunit projected onto the 
yz-plane and the end-to-end vector 2, is then antisym- 
metric about the center of the filament. That is, Qi+l,l  

Consequently, the sum over such angular displacements 
rigorously vanishes for all odd4 modes. Thus, to lowest 
order in h/P, the relaxation rate 1/23 does not appear 
at all. Although not eliminated rigorously by symmetry, 
the sums C E 1 ( Q z + l , l  - Qa) for even-Z modes are rather 
small, due to near cancelation of the terms in each half- 
filament. Indeed, in the absence of hydrodynamic 
interactions the even4 sums would also vanish. The 
main contributions of bending modes to  the relaxing 
amplitude come then from the small first-order (pro- 
portional to hlP)  contribution of the I = 4 mode and 
from the second-order (proportional to (h /P)2) contribu- 
tions of the 1 = 3 mode. Although both l/t3 and 2/t3 
relaxation rates appear among the second-order terms, 
the amplitude of the latter dominates that of the former. 
The main conclusion of this analysis is that the sum- 
mation over i, k in the relevant mutual correlation 
functions in eqs 2 and 6 yields a great deal of cancela- 
tion. Consequently, the fraction of the total amplitude 
relaxed by all bending motions is much smaller than in 
the case of the self-correlation functions. Moreover the 
amplitude of the term relaxing with rate l/z3 is greatly 
reduced compared to that of the 1/t4 and 2/23 terms. 
Under these conditions, the best-fit relaxation time for 
the initial transient is not simply related to either t 3  to 
24, but lies between those. This explanation was tested 
quantitatively in the following way. First, the expanded 
(up to h lP)  dichroism ratio in eq 21 was fitted by eq 
18. The slow component exhibits TR = 8600 ns, as 
expected, but the amplitude and relaxation time of the 
fast component are af = 0.015 and tf = 90 ns, which is 
close to t 4  = 96 ns. This indicates that the t4 term 
dominates the first-order h I P contribution and amounts 
to 1.5% of the total amplitude. We now assume that 
the 2/23 term dominates the second- and higher-order 
contributions and comprises the remaining 2.0% of the 
total relaxing amplitude (af = 0.035). The implied 
dichroism ratio would then be 

- Qil = &N-(i+1)+2,1 - QN-i+2,l = - ( Q N - ~ + P , I  - Q ~ - i + i , i ) .  

(AA(t))/(AA(O)) = 0.965 exp[-t/tR] + 
0.015 expC-tlt41+ 0.020 exp[-2tlr31 (23) 

When eq 23 is fitted by a double exponential, the 
amplitude and relaxation time of the fast component 
are now af = 0.037 and t t  = 221 ns, which correspond 
fairly closely to the results in the first line of Table 1. 
This demonstrates that the fast decay arises primarily 
from the first-order (in h IF) term with relaxation time 
24 and a term of comparable amplitude with relaxation 
time t3/2 that arises from second- and higher-order (in 
h lP) contributions. A similar conclusion applies also 
for the longer chain (data not shown). 
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In order to obtain tf w z3, it is necessary for the 
orienting electric field to induce preferentially a very 
much larger amplitude of the 1 = 3 “horseshoe” mode, 
as occurs in the orientation mechanismb) proposed by 
Elvingson for DNA molecules.12 A previous analysis6 
of rapid initial transients in the off-field dichroism 
decays16J7 for DNAs containing 100-250 bp is predi- 
cated on the assumption that zf = t3 and is valid only 
in the event that the relative amplitude of the longest 
bending mode is greatly enhanced by the prevailing 
orientation mechanism. 

It is also of interest to  compare the theoretical initial 
slope of the normalized dichroism decay, or zero-angle 
depolarized light scattering correlation function, which 
is computed from the time derivative of eq 17, with that 
computed from the parameters of the best double- 
exponential fit in Table 1. The former protocol gives 
[a(AA(t)lAA(O))l6’tlt=0 = 1.27 x lo6 s-l, while the latter 
gives 2.72 x lo5 s-l. Evidently, the theoretical initial 
slope consists of components much faster than are 
manifested in the double-exponential fit, as expected 
from the fact that z~ 5 zf for all 1 2 4, and the fact that 
higher order terms (in h l P )  contribute significantly to 
the initial slope despite their small contribution to the 
amplitude of the rapid initial transient. 

Within its domain of validity, the analytical theory 
is much better suited to fitting experimental data than 
are Brownian dynamics simulations. The latter are so 
expensive in terms of cpu time that their use for 
iterative data fitting in some cases may be impractical. 
Also, due to  their finite statistical errors, “convergence” 
of the adjustable parameters to precise values is neither 
smooth nor unique. In using the analytical theory, the 
computationally expensive step is the diagonalization 
of the dynamical matrix and the determination of the 
transformation matrix elements & i ~ .  Since the dynami- 
cal matrix contains none of the model parameters, and 
its dimensionality is the number of subunits N + 1, 
which remains constant for filaments of fixed length, 
its eigenvalues and transformation vectors need to be 
determined only once for a given filament, and simply 
used in each iteration of the data f3tting.l Thus, data 
analysis using the analytical theory proceeds quite 
rapidly, despite its apparent complexity. The impor- 
tance of testing the analytical theory in the data 
analysis code by means of Brownian dynamics simula- 
tions can hardly be overestimated. 

As demonstrated above, the analytical theory admits 
a dissection of the results and depth of analysis that is 
a useful adjunct to Brownian dynamics simulations. 

Finally, the extensive cancelation of terms in the 
mutual correlation functions severely reduces the rela- 
tive contribution of the bending modes to the relaxation, 
and somewhat complicates the interpretation of the 
data. Except in those cases where the amplitude of the 
longest bending mode is preferentially driven or en- 
hanced by the orienting field, it appears that experi- 
mental techniques that probe self- rather than mutual- 
rotational correlation functions may provide superior 
experimental access to the bending dynamics of weakly 
bending filaments. 
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Appendix. Symbol Glossary 

- axL(t) 

a b  

MY 
b b  

Bi 

NA 

anisotropy of the dichroism tensor 
associated with each bond vec- 
tor 

instantaneous dichroism of a single 
macromolecule in the laboratory 
frame 

instantaneous dichroism of the kth 
bond vector in the laboratory 
frame 

instantaneous dichroism of the so- 
lution in the laboratory frame 

anisotropy of the excess optical 
polarizability associated with 
each bond vector 

instantaneous excess optical po- 
larizability of a single macro- 
molecule in the laboratory frame 

instantaneous excess optical po- 
larizability of the kth bond vec- 
tor in the laboratory frame 

best-fit amplitudes of fast and slow 
components, respectively, in a 
double-exponential fit to  the cor- 
relation function 

theoretical fraction of the mutual 
correlation function amplitude 
that is relaxed by bending modes 

component rotations of a Euler 
rotation CP = ( M y )  

theoretical fraction of the self- 
correlation function amplitude 
that is relaxed by bending modes 

coefficients of (1 - exp[-t/z~l) terms 
in the first-order expansion of 
the bending contribution to the 
dichroism 

molar concentration of macromol- 
ecules 

Wigner rotation function of the 
Euler angle @ = ( M y )  

rotational diffusion coefficient for 
end-over-end tumbling 

Kronecker delta 
amplitude of orienting electric field 
electric field of forward depolar- 

ized scattered light 
friction factor of subunit 
probability per unit Euler angle 

that the hypothetical frame with 
laboratory orientation @(O) at 
time 0 has laboratory orienta- 
tion @(t) at time t 

bond vector of jth subunit 
bond vector length 
trigonometric weighting factors 

given afier eq 5 
dynamic bending constant 
Boltzmann constant 
optical path length of the sample 
contour length of the weakly bend- 

ing rod 
eigenvalue of the lth bending nor- 

mal mode of the dynamical ma- 
trix 

refractive index of the solvent 
instantaneous birefringence of the 

Avogadro’s number 
sample 
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t 
T 
t l  

t f ,  ZR 

average number of macromolecules 
in scattering volume V 

instantaneous angle between the 
projection of hj onto the rod- 
fixed xz plane and the rod-fured 
z-axis 

solvent viscosity 
contribution of uniform end-over- 

persistence length 
Legendre polynomial with rank 1 

= 2  
element of the matrix that diago- 

nalizes the dynamical matrix 
operator by similarity transfor- 
mation 

end tumbling to Azi(t) 

time 
absolute temperature 
relaxation time of the lth bending 

mode 
best-fit relaxation times of fast 

and slow components, respec- 
tively, in a double-exponential 
fit to the correlation function 

unit vector along the j th  bond 
vector 

solid angle orientation of a vector 
fxed in the hypothetical frame 

solid angle orientation of the same 
(above) vector in the laboratory 
frame 

coordinate frame of the j th  subunit 
coordinate frame of the laboratory 
mean-squared angular displace- 

ment of the j th  subunit around 
its body-fured xj- and zj-axes, 
respectively, in time t 

mean-squared angular displace- 
ments of the hypothetical frame 
around its body-fixed x -  and z- 
axes, respectively, in time t 
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anisotropy of the low-frequency 
electric polarizability tensor as- 
sociated with each bond vector 

spherical harmonic function of the 
solid angle B(t) = (e(t) ,  #(t)) 

parameter in eq 20 (20 = 6L/4P) 

Ax = MI - X I  

YlO(Bk(t)) 

20 
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